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•  The#ocean#is#filled#with#
dynamics#at#scales#smaller#than#

the#deforma1on#radius#

•  Processes#in#the#zoo#include#
internal#waves,#fronts,#

geostrophic#and#ageostrophic#

instabili1es#

#

•  Ques1on:#what#is#the#simplest#

possible#mathema1cal#

descrip1on#for#the#emergence#

and#the#role#of#((a)geostrophic)#

instabili1es?#



•  The#simples#model#of#QG#turbulence,#

the#2#layer#model,#is#clearly#useless#

as#it#is#characterized#by#a#highHk#cutH

off#

gray lines) slope up toward the pole (s . 0 in the Northern
Hemisphere), and directed westward (U , 0), where they
slope up toward the equator (s , 0). The vertical extent of
the thermocline is greater in eastward-flowing regions
relative to westward-flowing regions. The vertical distri-
bution of Qy depends on the manner in which isopycnal
slopes vary in the vertical. Isopycnal slopes tend to have
a maximum at middepth in the thermocline, leading to
a reversal in sign of Qy at middepth, marked by the
dashed–dotted line. The broad patterns in the sign of Qy

are indicated by light gray (Qy . 0) and dark gray (Qy ,
0) shading. In addition, there is a delta function con-
tribution in Eq. (1) associated with surface boundary
conditions, which has a positive sign (Uz . 0) at all lati-
tudes (except the deep tropics) because the meridional
buoyancy gradient at the surface is generally negative.
This surface condition has little effect on regions where
isopycnals slope up toward the pole, but it is an important
driver of baroclinic instability in subtropical return flow
regions that have Qy , 0 beneath.

Figure 3 zooms in on idealized profiles of zonal velocity
in typical westerly, mixed, and easterly sheared flows. Note
that westerly sheared profiles represent regions such as the
ACC, Kuroshio, and Gulf Stream; mixed shear profiles
represent gyre return flows (at approximately 6208–308);
and easterly sheared profiles represent north and south
equatorial countercurrents (at approximately 6108–208).
Charney instabilities are not possible at the upper surface
in a westerly sheared flow as depicted in Fig. 3: the shear
has the same sign as the upper surface gradient and so the
only instability that can occur is analogous to a two-layer
Phillips instability. However, in the mixed shear flow
shown in Fig. 3, the upper surface gradient opposes the
QGPV gradient just below it, so Charney instabilities near

the surface are possible. As discussed in the conclusions,
we hypothesize that such Charney instabilities make sur-
face quasigeostrophic (SQG) dynamics (Held et al. 1995;
Lapeyre 2009) more relevant in such mixed shear flows
compared to westerly sheared flows. Moreover, near-sur-
face Phillips instabilities can also occur because of the
shallow zero crossing of the interior QGPV gradient. Fi-
nally, the easterly sheared flow depicted in Fig. 3 contains
no interior QGPV gradient zero crossings; therefore, in-
stability can only occur through the interaction of the
negative surface gradient with the positive QGPV gradient
beneath it.

3. Local instability analysis

Local baroclinic growth rates, scales of maximum in-
stability, and vertical structures of unstable modes are
computed by solving the linearized QG equations about
the local climatological streamfunction C(z) 5 V(z)x 2
U(z)y and stratification N2(z),

›tq 1 J(C, q) 1 J(c, by 1 GC) 5 0, !H , z , 0,

›tb 1 J(C, b) 1 J(c, f ›zC) 5 0, z 5!H, 0, (2)

where G 5 ›z( f 2/N2›z) is the vortex stretching operator,
b 5 f›c/›z is buoyancy, q 5 (=2 1 G)c is the eddy
QGPV, and rigid lid and a flat bottom have been as-
sumed. The vertical is discretized into 50 levels and
derivatives are computed using centered differences
in the same way as in Tulloch et al. (2009), which is
based on the method used in Smith (2007b). The dis-
cretized version of Eq. (2) becomes a generalized ei-
genvalue problem when a wave solution of the form
c 5 F(z)ei(K " x 2 vt) is assumed, where K 5 ki 1 ‘j is

FIG. 3. Schematic of typical zonal velocity profiles in westerly, mixed, and easterly sheared
mean flows. The curve indicates U(z), and the horizontal dashed line indicates approximately
the height at which the QGPV gradient is zero, assuming negligible planetary PV gradient. The
surface shear is opposed to the PV gradient immediately beneath in the mixed and easterly
sheared profiles.
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•  A#classic#model#of#QG#instabili1es#

without#highHk#cutHoff#is#given#by#the#

Charney#(1947)#model:#interac1on#

between#U
z
#at#boundaries#and#interior#

Π
y
!role#of#boundaries.#In#an#

oceanographic#seTng#U
z
#>0#! 

stability#!#need#for#reversal#of#U
z#
at#

boundary#(role#of#mixed#layer)#

#

(Figure:K.#S.#Smith)#



•  HighHk#instabili1es#can#be#produced#with#3#layers.#Role#of#nonH
uniform#stra1fica1on#and#ver1cal#structure#of#instabili1es#will#be#

explored#for#comparison#with#SQG.#

•  One#could#set#as#invariant#the#total#energy#and#an#ac1ve#scalar,#
i.e.#poten1al#temperature/density#at#the#surface.#The#resul1ng#

approxima1on#(SQG,#Blumen#78)#has#an#inverse#cascade#of#total#

energy#at#lowHk#and#a#direct#cascade#of#poten1al#temperature/

density#at#the#boundary#at#highHk.#

•  Analogies#between#SQG#and#3D#Euler#equa1on#make#the#problem#

interes1ng#for#the#study#of#singular#solu1ons#(Constan1n#et#al,#94)#

•  Both#the#Charney#and#SQG#approxima1ons#have#finite#depth#of#

penetra1on#of#the#highHk#instabili1es#(at#the#Charney#depth#and#

exponen1al#decay#with#k,#respec1vely)#!#need#for#

computa1onally#expensive#high#resolu1on#simula1ons#



•  Alterna1ve:#to#take#into#account#the#ageostrophic#nature#of#the#
instabili1es#one#could#use#a#surface#semiHgeostrophic#

approxima1on#(SSG,#Badin,#2013).#

•  The#resul1ng#MongeHAmpere#equa1on#is#always#singular,#regardless#of#

the#ini1al#condi1ons,#while#the#eventual#SQG#singularity#depends#on#

them##(work#with#F.#Ragone)##

•  The#SSG#modes#depend#less#and#less#on#k#and#project#more#on#the#

barotropic#mode#as#the#Rossby#number#increases,#in#agreement#with#

penetra1on#in#the#interior#by#ML#instabili1es#(Badin#et#al,#2011).#It#

predicts#also#beeer#the#flow#at#depth#than#SQG.#

•  The#semiHgeostrophic#equa1ons#are#however#not#the#simplest#

mathema1cal#model##
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2D#Euler# SQG# SSG,#ε=0.3#

See#poster#by#F.#Ragone#



Three%layer%QG%model%
Linear#stability#for#nonHuniform#stra1fica1on:#

Assume#H
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Set#
#

Gives#the#eigenvalue#problem#for#the#amplitudes#φ
i
:#

#
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The#resul1ng#cubic##
#

has#very#cumbersome#coefficients,#but#the#system#can#be#solved.#Find#

marginal#stability#with#usual#analysis#for#cubic#equa1on#

c '3+Pc '2+Qc '+ R = 0

•  Three#roots:#1#neutral#wave#+#2#c.c.#(1#for#each#interface).##
•  It#is#possible#to#prove#that#shortHwaves#are#excited#at#the#lower#

interface,#where#they#are#s1mulated#by#the#large#Π
y
#in#the#

lower#layer#(Bretherton#66,#Davey#77).#

•  Shotwave#instabili1es#produced#only#for#S<1#(Smeed#88)#

•  For#large#k,#the#layers#decouple.#
•  ShortHwave#instabili1es#remain#thus#confined#in#the#lower#

interface#(Davey#77).#



Linear#stability#(β=1,#U
2
=1,#U

3
=0,#r

EK
=0.5)#
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(a) Growth rate, equal layers
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(b) Growth Rates, equal layers
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(c) Growth rate, surface intensified
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(d) Growth Rates, surface intensified
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(a) Growth rate, equal layers
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(b) Growth Rates, equal layers
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(c) Growth rate, surface intensified
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(d) Growth Rates, surface intensified
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•  For#S<1#two#regions#where#

separate#peaks#at#low#and#

highHk#are#present##

•  Peak#at#highHk#always#

smaller#than#peak#at#lowHk#

k
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(a) Growth rate, equal layers
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(b) Growth Rates, equal layers
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(c) Growth rate, surface intensified
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(d) Growth Rates, surface intensified

 

 

S=0
S=−0.6
S=−1.4

k

S
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(b) Growth Rates, equal layers
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(c) Growth rate, surface intensified
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(d) Growth Rates, surface intensified

 

 

S=0
S=−0.6
S=−1.4

•  For#S<1,#one#region#where#

separate#peaks#at#low#and#

highHk#are#present##

•  Peak#at#highHk#always#larger#

than#peak#at#lowHk#

•  Peaks#merge#for#S<H1.2#



Nonlinear#simula1ons,#β=1,#S=H2.6,#equal#layers#

•  Large#scale#fronts#in#the#ac1ve#scalar#

due#to#saddle#flow#with#secondary#

instabili1es.##

•  In#SQG,#possible#singularity#

forma1on##

•  Fronts#at#the#sides#of#the#cores#of#

coherent#structures#

•  Frontal#structures#reflected#in#the#PV#

field#

•  No#depth#dependence#for#the#

structures#

(a) s, layer 1, S=−2.6, equal layers (b) s, layer 3, S=−2.6, equal layers

(c) e, layer 1, S=−2.6, equal layers (d) e, layer 3, S=−2.6, equal layers

(e) q, layer 1, S=−2.6, equal layers (f) q, layer 3, S=−2.6, equal layers



•  No#large#scale#fronts#present#in#the#

ac1ve#scalar#but#patchy#distribu1on#

and#strong#coherent#structures#very#

localized##

•  Filamentary#PV#field#in#the#lower#

layer#associated#with#shortHwave#

instabili1es#

•  In#SQG#the#ac1ve#scalar#at#the#

boeom##would#have#a#Batchelor#

spectra,#with#filamentary#

appearance.#In#this#case#it#is#the#PV#

with#Batchelor#spectra#and#ver1cal#

structure,#due#to#conserva1on#of#

vor1city.##

•  Ver1cal#structure#of#PV#

Nonlinear#simula1ons,#β=1,#nonuniform#stra1fica1on,#S=H0.6#

(a) s, layer 1, S=−0.6, surface intensified (b) s, layer 3, S=−0.6, surface intensified

(c) e, layer 1, S=−0.6, surface intensified (d) e, layer 3, S=−0.6, surface intensified

(e) q, layer 1, S=−0.6, surface intensified (f) q, layer 3, S=−0.6, surface intensified



q#/#Ψ#/#θ#rela1onships#

•  Uniform#stra1fica1on:#

Sinh#shape#(Arbic#and#

Flierl#2003)#and#θ#

following#the#branching#

•  Nonuniform#

stra1fica1on:#cloud#of#

points#due#to#

shortwave#instabili1es.##

•  Signatures#of#local#

dispersive#turbulence#

in#the#upper#layer#and#

nonHlocal#dispersive#

turbulence#in#the#lower#

layer.#
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(a) KE spectra, S=0, equal layers
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(b) KE spectra, S=−2.6, equal layers
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(c) KE spectra, S=0, surface intensified
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(d) KE spectra, S=−0.6, surface intensified
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Modal#KE#spectra#

k#

•  Higher#energy#in#the#barotropic#mode#for#uniform#

stra1fica1on#due#to#inverse#cascade#

•  Forward#cascade#steeper#than#H3#(as#in#2D#

turbulence)#!#nonHlocality#of#dispersive#

processes.#No#flaeening#of#spectra#at#highHk,#as#

predicted#by#SQG,#due#to#low#ver1cal#resolu1on#

•  For#nonHuniform#stra1fica1on#at#highHk#the#

baroclinic#modes#have#more#energy#than#the#

barotropic#mode#

•  Sign#of#the#fact#that#at#highHk#the#dynamics#in#

different#layers#are#decoupled#

#
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(e) q PDF, layer 1, S=−3.6, equal layers
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(f) q PDF, layer 3, S=−3.6, equal layers

PDFs#of#PV#

Uniform%stra4fica4on%
#

•  Skewed,#nonHGaussian#PDFs#for#all#

values#of#S#and#at#all#depths#



0 20 40 60

10−4

10−2

100

6 q / m

(a) q PDF, layer 1, S=0, surface intensified
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(c) q PDF, layer 1, S=−0.6, surface intensified
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(e) q PDF, layer 1, S=−1.4, surface intensified
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(f) q PDF, layer 3, S=−1.4, surface intensified

PDFs#of#PV#

Non8uniform%stra4fica4on%

•  For#S=H0.6#(when#shortHwave#

instabili1es#grow#faster#than#longH

wave#instabili1es),#the#PDFs#are#

Gaussian#at#all#depths#



Ver4cal%structure%of%PV%fluxes#
In#a#two#layer#model#the#constraint#

Implies#that#the#knowledge#of#the#fluxes#in#one#layer#gives#total#knowledge#of#the#

climatological#fluxes.##

#

v 'i q 'i
i=1

2

∑ Hi = 0

In#the#three#layer#model#the#sum#must#be#zero#but#the#ver1cal#structure#could#be#non#

trivial#!#role#of#non#uniform#stra1fica1on#and#shortHwave#instabili1es#trapped#in#the#

lower#interface#

#
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(a) r Vs. S, equal layers
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(c) <H1 vv qv> Vs. S, layer 1, equal layers
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(d) <H1 vv qv> Vs. S, layer 1, surface intensified
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(e) <H3 vv qv> Vs. S, layer 3, equal layers
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(f) <H3 vv qv> Vs. S, layer 3, surface intensified
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v 'i q 'i = −ψi Ai, j
∂ψ j

∂xj=1

3
∑



r = − H1v '1 q '1
H3v '3 q '3

Define#(Held#and#O’Brien,#1992)#####

#

If#the#fluxes#are#downgradient#

r = − H1

H3

1+ξ

1− F1
β

, ξ =
F1
β
S

Because#here#
β
F1
<1, We#move#away#from#marginal#stability#as#|S|=O(1)##

Ver4cal%structure%of%PV%fluxes:%simple%scaling%laws#

Rε =
Δrnu
Δru

≈ 1+ 2ε( ) 1−3F0
3 1−F0( )

, with | S |>>1



Ver4cal%structure%of%PV%fluxes:%results#
#

#

!#role#of#intermieency#(e.g.#nonHGaussianity)?##
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FIG. 10. Dependence of r, negative of the ratio r between the
PV fluxes in layer 1 and layer 3, on S and β for (a) uniform
and (b) non-uniform stratification, for β = 1 (circles, full
lines), β = 12 (crosses, dashed lines), β = 24 (squares, dot-
dashed lines) and β = 36 (triangles, dotted lines). Vertical
gray lines indicate the limits of the S intervals inside which
short-waves instabilities are present.

Slope#~#2#

R0 =1.02 <
Δrnu
Δru

= 2 < R1 = 3

but Rε =1.14



Passive%tracer#
•  Passive#tracer#ini1alized#as#a#zonal#Gaussian#streak#in#the#

middle#of#the#domain.##

# (a) c, layer 1, S=−0.6, surface intensified
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Tracer#trapped#within#the#

cores#of#the#coherent#

structures,#at#all#depths.#

#

Signature#of#shortHwave#

instabili1es#in#layer#3.#

(a) c, layer 1, S=−0.6, surface intensified
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(b) c, layer 3, S=−0.6, surface intensified
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PDFs#of#tracer#concentra1on#

show#large#devia1on#from#

Gaussianity#

#

In#SQG#the#passive#tracer#

would#have#the#same#

distribu1on#as#the#ac1ve#

scalar.#At#the#boeom##it#

would#have#a#Batchelor#

spectra,#with#filamentary#

appearance#



Take#home#messages:#

From the Desk of Bob Mankoff - May 9, 2012​

From: New Yorker (NewYorker@email.condenastdigital.com) 
Sent: Wed 5/09/12 5:57 PM
To: b_gualtiero@hotmail.com

Dear Laughter Lovers,

This week’s issue of The New Yorker, the Innovators Issue, celebrates innovations in the arts, sciences, and
technology. Cartoonists, perhaps unjustly, but definitely funnily, do not celebrate these innovations.

1)  Role#of#shortwave#instabili1es#in#
preven1ng#forma1on#of#

singulari1es?#

2)  PDFs#of#vor1city#(and#of#passive#
tracer,#not#shown)#fall#into#a#

Gaussian#distribu1on#only#if#

shortwave#instabili1es#are#

present:#is#it#thus#correct#to#

parameterize#turbulence#with#

Fickian#diffusion?#

3)  Role#of#intermieency#on#

meridional#fluxes#of#PV#for#

nonuniform#stra1fica1on?#
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